In this paper we have studied the problem of an unsteady hydromagnetic forced convective heat transfer slip flow over a porous rotating disk taking into account the temperature dependent density, viscosity and thermal conductivity. The governing non-linear partial differential equations of the flow are transformed into a set of non-linear ordinary differential equations using similarity transformations. The resulting nondimensional equations have been solved numerically by applying Nachtsheim-Swigert shooting iteration technique along with sixth-order Runge-Kutta iteration scheme. Comparison with previously published work for the steady case of the problem is performed and the results are found to be in very good agreement. The results of the numerical solution are presented graphically in the form of velocity (i.e. radial, tangential as well as inward axial), temperature profiles and variable Prandtl number for various values of the model parameters. The corresponding skin friction coefficients (i.e. radial and tangential) and the rate of heat transfer coefficient (i.e. Nusselt number) are also calculated and tabulated. The obtained numerical results show that when modeling a thermal boundary layer with temperature dependent fluid properties, consideration of Prandtl number as constant within the boundary layer produces unrealistic results. Therefore, it must be treated as variable throughout the boundary layer. Results also show that the slip factor significantly controls the flow and heat transfer characteristics.
Introduction
Rotating disk flows along with heat transfer is one of the classical problems of fluid mechanics, which has both theoretical and practical values. Rotating disk flows have practical applications in many areas, such as rotating machinery, lubrication, oceanography, computer disk drives, viscometry and crystal growth processes etc. Due to the practical applications of rotating disk flows, many researchers (von-Karman, 1921; Cochran, 1934; Benton, 1966; El-Mistikawy and Attia, 1990; El-Mistikawy et al., 1991; Hassan and Attia, 1997; Attia, 1998; Rahman and Sattar, 1999; Rahman, 2010; Rahman and Postelnicu, 2010; Zueco and Rubio, 2012) have studied and reported results on rotating disk flow with various flow conditions. Slip velocity is a function of the velocity gradient near the wall. It is known that for gaseous flow there always exist a non-zero velocity near the wall and based on a momentum balance at the wall. In certain situations, the assumption of no slip boundary condition does no longer apply. When fluid flows in micro electro mechanical systems (MEMS), the no-slip condition at the solid fluid interface is no longer applicable. A slip flow model more accurately describes the non-equilibrium near the interface. A partial slip may occur on a stationary and moving boundary when the fluid is particulate such as emulsions, suspensions, foams, and polymer solutions. Sparrow et al. (Sparrow et al., 1971 ) studied the flow of Newtonian fluid due to the rotation of a porous-surfaced disk with a set of linear slip-flow conditions. A substantial reduction in torque then occurred as a result of surface slip. Miklavcic and Wang (2004) further revisited the problem of Sparrow et al. (Sparrow et al., 1971) and pointed out that the slip flow boundary conditions could also be used for slightly rarefied gases or for flow over grooved surfaces. Arikoglu and Ozkol (2006) studied MHD slip flow over a rotating disk with heat transfer. It is observed that both the slip factor and the magnetic flux decrease the velocity in all directions and thicken the thermal boundary layer. Osalusi et al. (2008) studied thermal-diffusion and diffusion-thermo effects on MHD slip flow due to a rotating disk. Rahman (2010) analyzed the convective hydromagnetic slip flow with variable fluid properties due to a porous rotating disk and obtained numerical results show that the slip factor significantly controls the flow and heat transfer characteristics. Daniel (2015) investigated the effect of heat generation/absorption on boundary layer slip flow of a nanofluid over a porous stretching sheet. He noticed that velocity profile, the flow field at the surface of a porous stretching sheet decreases as the velocity slip parameter increases.
In the classical treatment of thermal boundary layers, fluid properties such as density, viscosity and thermal conductivity are assumed to be constant; however experiments indicate that this assumption only makes sense if the temperature does not change rapidly for the application of interest. To predict the flow behavior accurately, it may be necessary to take into account this properties as variables. Zakerullah and Ackroyd (1979) studied laminar natural convection boundary layers on horizontal circular discs. Herwig and Klemp (1988) investigated variable properties effects of fully developed laminar flow in concentric annuli. Maleque and Sattar (2002) studied the effect of Hall current and variable viscosity on an unsteady MHD laminar convective flow due to a rotating disk. The effects of variable fluid properties (density, viscosity and thermal conductivity) and Hall current on the steady MHD laminar convective flow due to a porous rotating disk have been investigated by . Attia (2006) analyzed the problem of unsteady flow and heat transfer of viscous incompressible fluid with temperature dependent viscosity due to a rotating disk in a porous medium.
The thickness of the boundary layer relative to the velocity boundary layer depends on the Prandtl number which by its definition varies directly with the fluid viscosity and inversely with the thermal conductivity of the fluid. As the viscosity vary with temperature so does the Prandtl number. Despite this fact, all of the afore-mentioned studies treated the Prandtl number as a constant. The use of a constant Prandtl number within the boundary layer when the fluid properties are temperature dependent introduces errors in the computed results. Pantokratoras (2005) investigated some new results on forced and mixed convection boundary layer flow along a flat plate with variable viscosity and variable Prandtl number while Pantokratoras (2007) further studied non-Darcian forced convection heat transfer over a flat plate in a porous medium with variable viscosity and variable Prandtl number. Recently, Rahman and his co-workers (Rahman et al., 2009; Rahman and Salauddin, 2010; Rahman, 2010; Rahman and Eltayeb, 2011; Alam et al., 2014) have studied several thermal boundary layer problems taking into account the variability of viscosity for both Newtonian and Non-Newtonian fluids in different geometry with various flow conditions. All of these studies confirmed that for the accurate prediction of the thermal characteristics of variable viscosity, the Prandtl number must be treated as a variable rather than a constant. The objective of the present study is to investigate the effects of variable fluid properties on an unsteady hydromagnetic forced convective heat transfer slip flow due to a porous rotating disk taking into account the variable Prandtl number. In this study we extend the work of Alam et al. (2014) to include the effects of magnetic field on slip flow due to a porous rotating disk in an electrically conducting fluid with temperature dependent fluid properties such as density, viscosity and thermal conductivity. By introducing a similarity transformation the governing non-linear partial differential equations are reduced to locally similar ordinary differential equations which are solved numerically by applying shooting method and the results are discussed from the physical point of view.
Physical Model and Governing Equations
We use a non-rotating cylindrical polar coordinate system   z r , , where z is the vertical axis in the cylindrical coordinate system with r and  as the radial and tangential axes respectively. Let us consider a disk which rotates with an angular velocity  about the z-axis. ). 1 Re  m A uniform suction or injection through the disk is considered. The flow configuration and geometrical coordinates are shown in Fig. 1 .
We also assume that the fluid properties, viscosity    , thermal conductivity    and density    are the functions of temperature only and obey the following laws (see Jayaraj, 1995;  later used by Osalusi and Sibanda, 2006; Rahman, 2010; Alam et al., 2014) : 
where the variables and related quantities are defined in the nomenclature.
If mean free path of the fluid particles is comparable to the characteristic dimensions of the flow field domain the assumption of continuum media no longer valid as a consequence Navier-Stokes equation brakes down. In the range 
where t U is the target velocity,  is the target momentum accommodation coefficient and *  is the mean free path. For
001
. 0  Kn , the no-slip boundary condition is valid; therefore, the velocity at the surface is equal to zero. In this study the slip and the no-slip regimes of the Knudsen number that lies in the range
Boundary Conditions
By using equation (7), the applicable boundary conditions for the present model are as follows:
(i) On the surface of the disk
Matching with the quiescent free stream
Similarity Transformations
To obtain the solutions of the above governing equations (2)-(6) together with the boundary conditions (8)-(9) the following similarity transformations which are little deviated from the usual von-Karman transformations are introduced (see also Alam et al., 2014) :
where  is a scale factor and is a function of time as Sattar and Hossain (1992) , Rahman et al. (2012) and Alam et al. (2014) .
Then substituting (10) into equations (2)-(6) we obtain the following set of dimensionless nonlinear ordinary differential equations:
is the ambient Prandtl number and
is the relative temperature difference parameter which is positive for a heated surface, negative for a cooled surface and zero for uniform properties.
With reference to the transformation (10), the boundary conditions (8) and (9) transform to 
Variation of Prandtl Number
The Prandtl number is a function of both viscosity and thermal conductivity. Since as the viscosity and thermal conductivity varies across the boundary layer, the Prandtl number also varies. The assumption of constant Prandtl number inside the boundary layer may produce unrealistic results (see Pantokratoras, 2005 Pantokratoras, & 2007 Rahman et al., 2009; Rahman and Eltayeb, 2011; Alam et al., 2014) . Therefore the Prandtl number related to the variable viscosity and variable thermal conductivity is defined by
At the surface   0   of the disk, this can be written as
From equation (18) 
Pr 0.789 0.700 0.659 0.640 0.625 0.619 0.607 0.593 0.585 0.534 0.507
The above In light of the above discussion and using equation (18), the non-dimensional temperature equation (15) can be rewritten as
Equation (20) is the corrected non-dimensional form of the energy equation in which Prandtl number is treated as variable (see also Rahman et al., 2009; Rahman and Eltayeb, 2011; Alam et al., 2014) .
Parameters of Engineering Interest
The parameters of engineering interest for the present problem are the skin-friction coefficient and the Nusselt number which indicate physically the wall shear stress and the rate of heat transfer respectively. The action of the variable properties in the fluid adjacent to the disk sets up a tangential shear stress, which opposes the rotation of the disk. As a consequence, it is necessary to provide a torque at the shaft to maintain a steady rotation. The radial shear stress  , and tangential shear stress t  are defined as:
Hence the skin-frictions
along the radial and tangential directions are obtained as
is the rotational Reynolds number. Thus equation (23) and (24) shows that the radial and tangential skin-frictions coefficient are proportional to ) 0 ( F and ). 0 ( G The rate of heat transfer from the disk surface to the fluid is computed by the application of Fourier's law as given below
Hence the Nusselt number is obtained as
From equation (26) implies that the Nusselt number is proportional to ) 0 (   .
Numerical Procedure
The set of equations (11)- (14) and (20) are highly non-linear and coupled and therefore the system cannot be solved analytically. We dropped equation (14) from the system as it can be used for calculating pressure once F and H are known from the rest of the equations. Therefore, the equations (11)- (13) and (20) with boundary conditions (16)- (17) have been solved numerically by using sixth order Runge-Kutta method along with Nachtsheim-Swigert (1965) shooting iteration technique (for detailed discussion of the method see Alam et al., 2006) with Table- 2) and ε (see in Table- 3) and in the absence of heat and mass transfer. Table 2 -3 present the comparisons of the data obtained in the present work and those of KD, 2000 and AO, 2006 . It is clearly observed that very good agreement between the results exists. This lends confidence to use the present numerical code. It is good to mention that this is a very standard process of validating a numerical code with the existing literature. This process can be found in any ISI journals including American Journal of Heat and Mass Transfer (for example Daniel, 2015; Lin and Hsiao, 2015) . 
Results and Discussion
Here, we investigate the effects of the pertinent parameters (i.e. magnetic interaction parameter M , rotational parameter R, slip parameter  , unsteadiness parameter , suction/injection parameter s w , relative temperature difference parameter  and variable Prandtl number Pr ) on the flow and heat transfer characteristics and therefore the numerical results are presented graphically as well as tabulated form. In the present analysis the fluid is considered as a flue gas for which ambient Prandtl number, 
Effects of slip parameter 
The effect of the slip parameter  on the non-dimensional velocity and temperature profiles are displayed in Figs. 2(a)-(d) , respectively keeping all other parameters values fixed. From Fig. 2(a) we see that the radial boundary layer decreases very rapidly with the increase of the slip parameter.
Also for large values of  i.e.    (full slip), the rotating disk does not cause rotation of the fluid particles. Because in this range of  the flow becomes entirely potential. Therefore, there will be no motion in the fluid. This can be further explained as follows: the centrifugal force acting on the rotating disk will throw out the fluid that sticks to it. On the other hand, the flow in the axial direction will come forward to compensate for this thrown fluid. But increasing the slip on the surface of the disk reduces the amount of fluid that can stick on it; as a consequence the efficiency of the rotating disk reduced substantially and is unable to transfer its circumferential momentum to the fluid particles. A reduction in the circumferential velocity results in a reduction in the centrifugal force which in turn decreases the inward axial velocity substantially as can be seen from Fig. 2(c) . On the other hand, the slip parameter  does not enter directly into the non-dimensional thermal boundary condition. Thus the temperature of the flow field within the boundary layer increases a little with the increase of the slip parameter as can be seen from Fig. 2(d) . Fig. 2(e) shows a small decreasing effect of  on the variable Prandtl number throughout the boundary layer.
Effects of magnetic interaction parameter M
Imposition of a magnetic field to an electrically conducting fluid creates a drag force called the Lorentz force. This force has the tendency to slow down the flow around the disk at the expense of increasing its temperature. The influence of the magnetic field parameter M on the radial, tangential and inward axial velocity (i.e.
G F, and H
 ) distributions is depicted in Figs. 3(a) -(c) respectively. An increase in M induces a significant decrease in radial and tangential velocity profiles throughout the boundary layer. From Fig. 3(c) it is also apparent that inward axial velocity decreases substantially with the increase of the magnetic field parameter. The magnetic interaction parameter M does not enter directly into the energy equation but its influence come through the momentum equation. From Fig. 3(d) , it is observed that the value of non-dimensional temperature profile increases a little with the increasing values of M and this also leads to a small rate of increase in the thermal boundary layer thickness. The variation of the Prandtl number within the boundary layer for different values of the magnetic field parameter is depicted in Fig. 3(e ). This figure reveals that variable Prandtl number decreases with the increase of M .
Effects of unsteadiness parameter 
From Figs. 4(a)-(d) we observe that the radial, tangential, inward axial velocity and temperature profiles decrease with an increasing values of the unsteadiness parameter  . In Fig. 4(e) we see that within the boundary layer for a fixed value of  , variable Prandtl number increases as the unsteadiness parameter  increases while far away from the surface of the disk Pr equals its ambient value  Pr .
Effects of relative temperature difference parameter 
Figs. 5(a)-(d) respectively show the variation of the dimensionless radial, tangential, inward axial velocity and temperature profiles for various values of the relative temperature difference parameter  . From Fig. 5(a) , we see that the radial velocity increases for all increasing values of  .
The case 0   corresponds to the constant property of the working fluid. From Figs. 5(b) -(c) we see that the tangential velocity increases whereas the inward axial velocity decreases with the increasing values of  . It is seen from Fig. 5(d) that the thickness of the thermal boundary layer increases markedly with the increase of  . In Fig. 5(e) we see that the variable Prandtl number Pr decreases very rapidly within the boundary layer for the increase of  . For the radial velocity profiles moves towards the surface of the disk. It is also apparent that the thickness of the boundary layer decreases as suction velocity increases. Therefore suction stabilized the boundary layer growth. From Fig. 6(c) it is observe that for strong suction, inward axial velocity is nearly constant. The effect of suction parameter on the thermal boundary layer is found to similar to those of the radial and tangential velocity boundary layers. Thus applying suction, one can control the flow and heat transfer characteristics. In Fig. 6(e) 
Effects of rotational parameter R
The effects of rotational parameter R on the dimensionless radial, tangential and inward axial velocity profiles, temperature profiles and variable Prandtl number within the boundary layer have been shown in Figs. 7(a) -(e) respectively. From these Figs. 7(a)-(d) we observe that the radial and inward axial velocity profiles increase whereas both the tangential velocity and temperature profiles decreases with increasing values of the rotational parameter. In Fig. 7(e) table 4 . From this table, we observe that both the radial skin friction coefficient and rate of heat transfer decrease whereas the tangential skin friction coefficient increases with the increasing values of the increasing the magnetic interaction parameter M . Table 4 Numerical values of the radial and tangential skin-friction coefficients and the rate of heat transfer for different values M. The variation of the radial and tangential skin-frictions and the rate of heat transfer for some selected values of the slip factor ε are shown in table 5. From here we see that skin-friction in both directions decreases with the increase of the slip factor. The largest skin-friction is found for the case of no-slip at the surface. On the other hand the rate of heat transfer increases with the increase of slip factor within the range of 0 1   . But outside of this range of ε, the rate of heat transfer decreases with the further increase of the slip factor. Thus the rate of heat transfer can be strongly controlled by controlling the slip on the disk. This result is consistent with the works of Rahman (2010).
The numerical values of fluid temperature for different values of relative temperature difference parameter  and slip parameter  have been shown in table 6 and table 7 respectively. From these tables we observe that fluid temperature  decreases with an increase in the value of  for both cases. Further we also see that for fixed value of  ,  increases with the increasing values of  and  .
Table6 Numerical values of temperature obtained for several values of γ . 
Conclusions
In this paper, we have studied numerically the problem of unsteady hydromagnetic forced convective heat transfer slip flow over a porous rotating disk taking into account the temperature dependent density, viscosity and thermal conductivity. Using a new class of similarity transformation close to von-Karman, the governing non-linear partial differential equations have been transformed into a system of non-linear ordinary differential equations that are locally similar. These are solved numerically by applying Nachtsheim-Swigert shooting iteration technique along with a sixth-order Runge-Kutta integration scheme. Comparison with previously published work for steady case of the problem was performed and found to be in very good agreement. As a result of computations the following major conclusions can be drawn:
 The rate of heat transfer in a fluid of constant property is higher than in a fluid of variable property.  For modeling thermal boundary layers with temperature dependent fluid properties (viscosity, thermal conductivity, density), Prandtl number must treated as variable inside the boundary layer.  Slip Parameter significantly controls the flow and heat transfer characteristics.  Increasing slip parameter decreases fluid whereas increases temperature profile within the boundary layer.
 Magnetic field retards the fluid motion.  Radial, tangential and inward axial velocity profiles decrease whereas the temperature profiles increase with the increasing values of the magnetic parameter.  Suction stabilizes the growth of the boundary layer.  Radial and tangential velocities and temperature profiles increase whereas the inward axial velocity decreases with the increasing values of  .
 Radial and inward axial velocity profiles increase whereas both the tangential velocity and temperature profiles decreases with increasing values of the rotational parameter.  Radial, tangential, inward axial velocity and temperature profiles decrease with an increasing values of the unsteadiness parameter.  Radial skin friction coefficient and rate of heat transfer decrease whereas the tangential skin friction coefficient increases with the increasing values of the magnetic field parameter M .  The rate of heat transfer can be strongly controlled by controlling the slip on the disk. 
